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Abstract

Largely motivated by Semantic Web applications,
many highly scalable, buincomplete, query an-
swering systems have been recently developed.
Evaluating the scalability-completeness trade-off
exhibited by such systems is an important require-
ment for many applications. In this paper, we ad-
dress the problem of formally comparing complete
and incomplete systems given an ontology schema
(or TBox) 7. We formulate precise conditions on
TBoxes7T expressed inthe EL, QL or RL profile of
OWL 2 under which an incomplete system is indis-
tinguishable from a complete one w.ff, regard-
less of the input query and data. Our results also al-
low us to quantify the “degree of incompleteness”
of a given system w.r.t7 as well as to automati-
cally identify concrete queries and data patterns for
which the incomplete system will miss answers.

Introduction

queries (LUBM contains a fixed pre-computed set of 14 sam-
ple queries), and datasets (a fixed humber of relationad-stru
tures hard-coded into the benchmark’s scripts). Furthezmo
correct answers can only be measured by comparison with the
output of a complete system, and cannot be verified for large
datasets that no complete system can handle.

The framework in Stoiloset al., 2010b; 2010kpartly ad-
dresses these limitations. The intuition behind these svisrk
that given a TBoXZ and queryy, it may be possible to com-
pute a finite collection of datasets, calletksting base, such
that if a system is complete fdF, ¢ and each dataset in the
collection, then it will also be complete for any dataset. In
this case, one could say that an incomplete systefm i5)-
complete—that s, it behaves exactly like a complete reason
w.r.t. ¢ and7, and regardless of the data (which is typically
unknown and/or frequently changing). Furthermore, answer
for each dataset in a testing base are known at generation
time (thus, easy to verify), and the framework also provides
a quantitative measure of completeness that makes compar-
ison between different systems possible. Although theze ar
ontologies and queries for which such testing base would nec
essarily be infinite, Stoilos et al. also identified suffi¢ieon-

Ontology schemas (or TBoxes) are often used for describingitions on7 andq under which a (finite) testing base is guar-
the meaning of data stored in various sources. In this se@nteed to exist and provided algorithms for computing it.
ting, query languages are based on conjunctive queries)(CQs This framework, however, relies on the assumption that
with the ontology providing the vocabulary used in queriesboth the TBox and queries of interest are known. Although in
[Glimmetal., 2007; Lutzet al., 2009; Calvanesgt al., 2007. many applications the TBox is under the control of the appli-
Largely motivated by Semantic Web applications, there hasation developers, queries depend on users’ needs and appli
been a growing interest in the development of ontology-thasecation developers may only have a rough idea of which ones
query answering systems that are highly scalable in pegctic might be of particular relevance. Consequently, the assump
but that aréncomplete, i.e., they are not guaranteed to com- tion that test queries should be fixed in advance for evaloati
pute all query answers for some combinations of queries, orpurposes is likely to be too strict a requirement.
tologies, and datasets accepted as valid inputs. Examples o In this paper, we address this limitation and develop a novel
widely-used such systems are Oracle’s Semantic Data Storframework in which completeness evaluation depeorly
Jena, DLEJena, OWLim, Minerva and Sesame. on the application’s TBo% , and not on a set of pre-defined
A challenge when using incomplete systems is to evalugueries. More precisely, giveh, we study the problem of
ate the scalability-completeness trade-off exhibitediffed generating a finite collection of conjunctive queriesj(ery
ent systems for a given application. As recently pointed outesting base), such that if a system ig, 7 )-complete for each
[Stoiloset al., 20104, the use of existingerformanceevalu-  querygq in the collection, then it will also bé;’, 7')-complete
ation benchmarks, such as LUBMuoet al., 200, has se-  for any arbitrary query;’. As well as providing a new guan-
rious limitations for this purpose. In particular, resuiing titative measure of completeness depending onlyZ orthis
these benchmarks tell us little about the system’s behaviowould allow us to identify circumstances under which an in-
for the application at hand: they are limited to a specific on-complete reasoner is indistinguishable from a complete one
tology schema (the LUBM TBox about an academic domain)for a particular TBox7, regardless of the user’s query and



input data. As a result, application developers would be ablform B; C By (positive GCI), orB; C —Bs (negative GCI),

to assess with a much higher degree of confidence whetherveith B; and B, DL-Lite concepts.

given system meets their needs. The set off £L-concepts is given by the following grammar,
In practice, our framework relies on the techniques develwhereA, R are atomic and’;) are€ L-concepts:

oped in[Stoiloset al., 20108 and[Stoiloset al., 20104 in

order to check whether a system(is 7')-complete for each C:=T|A|CiNCy |3R.C

g in a query testing base (and hence we are subject to their ) .

same practical limitations). Conceptually, however, we ar AN ££-TBox T is a finite set of GCls of the forr@’, T C;

addressing a very different problem since we are interdsted With C1 andC; ££-concepts. We use the notatiéh = C,

automatedjuery generation, rather than in data generation. s an abbreviation fof, C C; andC; E C). We assume
It is worth emphasising that automated query generatiof/0m now on thaL-TBoxes are normalised, i.e., that each

is an active research topic in databafesess and Stephens, GC!in 7 is in one of the following forms, with;) atomic

2004; Khalek and Khurshid, 201.0The focus in the database ©F |, andR atomic:A; C Ay, A1 M Ay C A, A C 3R. A,

literature, however, is on performance evaluation rathent ordR.A; C Ay, ) o
on completeness of the evaluated query engines. The DLs considered in this paper can be seen as fragments

The main contributions of this paper are as follows: of First-Order Logic (FOL), and their semantics is standard

e . [Baaderet al., 2004. The definitions of reasoning problems
o We ext_end the frameworl_< iiStoiloset al., 20104 with such as consistency and entailment are also standard.
the notion of a query testing base.

o Conjunctive Queries We use standard notions of (function-
e We explore the limitations of the new framework and ) Q (

; . X . free) term and variable. A concept atom is of the fodrt)
formulate precise con;ﬂtmn; u.n(_tlerwhlch aquerytestingyith’ 4 an atomic concept anda term. A role atom is of
base would necessarily be infinite. the form R(¢,¢’) for R an atomic role, and, ¢ terms. A

e We identify sufficient conditions ofr for which a (fi-  conjunctive query (CQj is an expression of the form
nite) query testing base can be efficiently obtained. In-
terestingly, such sufficient conditions are strongly re- q(@1,...,xn) — {ou,...,am}
lated to the notion ofveak acyclicity, which is widely

used in the context of data exchad§aginet al., 2004. where each; is a concept atom or a role atom and eagh

is adistinguished variable occurring in some;. A certain

e We present query generation algorithms for the logicsanswer toy W.rt. © = T U Ais a tuplec = (cy,...,c,) of
underpinning the QL, EL and RL profiles of the new individuals such tha® entails the FOL formula obtained by
standard ontology language OWL[®otik etal., 2009.  puilding the conjunction of all atoms; in ¢, replacing each

e We provide preliminary empirical evidence suggestingdistinguished variable; with ¢; and existentially quantify-
that our framework is feasible in practice. ing over the remaining variables. We denote witht(g, O)

the set of all certain answers gov.r.t. O. Finally, we some-

times use the well-known notions of homomorphism from a

o . . o queryq to ¢’ and between a CQ and an ABox.

Description Logics We assume basic familiarity with DL The ChaseCQ answering inZ ¢ {DL-Lite, ££} can be

syntax, semantics and standard reasoning problems. X : .
When in Section 3 we speak of an arbitrary descriptioncharacterlsed according to the notionchése, adapted from

- - database dependency theory. Given a consiglemtology
logic £, we refer to a fragment of the DLs underpinnin . e
O\%]VL and OWL 2. We useg standard notions ofanTFI;ox 90 = T U A, chasec (0) is a (possibly infinite) forest-shaped
T (the schema), afi-ABox A (the data), and afi-ontology ABox constructed step-by-step frashand which represents
O = T U A, but assume that ABoxes contain only atomica” models of O for the purpose of CQ answering. More

assertions of the form (a) or R(a, b), with A andR atomic. preciselycert(g, O) = cert(g, chase.(0)), where we abuse
Also, we sometimes use the standard notion of homomoy20tation and useert(q, chase£(0)) to represent those an-

o : ; : “swers tog W.I.t. chase, (O) containing only individuals from
phism (isomorphism) between ABoxes. Finally, to avoid con A (which we callnamed chase individuals from now on).

flating schema and data, we only consider DLs without nom . : .
inals (i.e., that do not allow individuals in the TBox). _The chase construction rules for DL-Lite afid are given

We next recapitulate the syntax of the concrete DLs men!" [Calvanesest.al., .2003 and[Rosa‘u,_ 2007, respectively.
tioned in Section 4, namely DL-LitdCalvaneset al., 2007 | Ney arealsogiveninacompactway in Table 1. In each step,
and£. [Baaderet él 2009, which provide the Ioéical un- aGClis applied to the portion of the chase constructed thus
derpinning for the Q.I’_ and EL profiles of OWL 2 far resulting in the addition of a new assertidriWhen deal-

A role is an atomic roleR or its inverseR— 1.'he func- ing with existential quant_ification, “freshj’nnamedindivid_u-
tionar(R, a, b) takes a rold? and individuals:, b, and returns als may be generated. Fmally, note that Ruid only applies
R(a,b) if Ris atomic, orP(b,a) if R = P, with P atomic. to DL-Lite :_:mdcr5 only to £L; also, whercr2 ander3 ap-

A DL-Lite-conceptB is either atomic, or of the forrdR. T ply to DL-Lite, we haved; = T andA; # T, whereas when

with R a role. A DL-Lite-TBox is a finite set of GCls of the they apply to€L, role i is atomic.

2 Preliminaries

'The logic used in this paper is the simplest one among those in  ?For £ € {DL-Lite, ££}, chase.(O) does not depend on the
the DL-Lite family, and it is commonly referred to as DL-Litg.. order of rule applications (modulo renamings of individyal



crl Ay C Ay €7, Ai(a) € chases(O) and Definition 3. Let £ be a description logic, and It be an
Az (a) ¢ chase,(0), addAs(a) to chases (O) L-TBox. A Query Testing Base (QTB) Q for 7 and a class
cr2 Ay C3R.A; € T, A(a) € chases(0) and C* of CQ answering algorithms fof is a finite set of CQs
there is nd s.t. {ar(R, a,b), A2(b)} C chase.(O) such that the following property holds for each algoritima
addar(R, a,a’) andAs(a’) to chase, (O) in C£: If ans is (¢, T)-complete for eacly € Q, then it is
cr3 JR.A; C Ay €T, ar(R,a,b) € chase,(0), also(q’, T)-complete for each C@'.
fdzélj)l e(ac)hti)siﬁg?e)ﬁ’ (?,)n)dAl (a) ¢ chase.(O), To make our results as general as possible, we have param-
o4 3R _|3 E 3R, T € T, ar(Ry, a,0) € chasez(O0) eterised QTBs w.r.t. a given class of algorithms—that is, a
an(;the?e i r21® ot ar,(R al ’0)76 chase (é) family of algorithms that share certain properties.
addar(Rs, a,a’) té).chaseQ’((b) LA .Unfort.unately, as shown by the following theorem, QTBs
o5 Ay ks 21& 21 T A (G)LE chase (0), fail to exist even for t_he_ empty ontology bepause sucha QTB
As(a) € chases(0), andA(a) ¢ chases (O), would need to contain infinitely many queries.
addA(a) to chase, (O) Theorem 4. Let £ bea DL. No QTB exists for 7 = () and

the class of well-behaved CQ answering algorithmsfor L.
Table 1: Chase rules faf € {DL-Lite,£L}. Individuala’
is fresh; conceptsl ;) are atomic orT. We assume that the
assertionT (c) is added tahase, (O) for each (hamed or un-
named) individuat occurring inchase (O).

Proof. Let Q be an arbitrary, but finite, set of CQs and let
m be the maximum number of variables in a query frGnm
Consider also the following query:

q(x) — {R(z,y1), R(y1,92), -, R(Ym—1,Ym)}

We provide a well-behaved algorithans for £ that is(p, 0)-
I;l‘,omplete for eaclr € Q, but it is not(q, #)-complete, which

3 Framework

We next present our query generation framework. We sta th La d as foll h X
by recalling the notion of a CQ answering algorithm given in pcrovgs ou(rj ﬁgrerr;. | @ i/)proge; ?JSAQ (_)WS when givena
[Stoiloset al., 20108, which will allow us, on the one hand, Q ¢in and an-ontologyQin = Tin in-

to abstract from the specifics of implemented systems and, on e If 7;,, # (), returncert(q;,, Ain)

the other hand, to establish general results that hold fpr an ¢ | T;n = 0, do the following:

system satisfying certain basic properties.
1. If ¢;,, has at mostn vars., returrcert(gin, Ain ).

2. Otherwise, return the empty set.

The algorithm is clearlyp, #)-complete for each € Q, as it
returnscert(p, A;, ). It is, however, incomplete fay, which
containgn+ 1 variables, as it returns the empty set regardless
of A;,. Finally, ans is clearly sound, invariant under renam-
ings (the way it operates does not depend4p, but rather

on the shape qof;,, and7;,,), and also monotonic. O

Definition 1. A CQ answering algorithmansforaDL L is a
procedure that, for eaafrontology© and CQg computes in
a finite number of steps a set of tuptes(q, O) of the same
arity as the certain answersg¢o

It is sound if, for each© andgq, ans(q, O) C cert(q, O),
and it iscompleteif cert(¢, O) C ans(q, O).

It is monotonic if ans(q, @) C ans(q, O’) for eachq, O
and®’ such that© C O'.

Itis invariant under renamingsif, for eachq, O =7 U A,
and0’ = 7 U A’ with 4 and A’ isomorphic,ans(¢, O) and
ans(q, O’) are identical modulo the same isomorphism.

The proof of Theorem 4 suggests that the notion of a well-
behaved algorithm is too general: no matter how large a QTB
_ _ o _ is, we can find a (rather unnatural) well-behaved algorithm
~ Finally, ans is well-behaved if it is sound, monotonic and  that is complete for all queries in the QTB, but incomplete
invariant under renamings. for some other queries. To obtain useful results, we thud nee

Intuitively, a well-behaved algorithm implements the se-to require additional properties to CQ answering algorghm
mantics of CQ answering faithfully: query answers can only Towards this goal, we observe that most incomplete sys-
grow if we add axioms to the ontology, and they cannot detems are based on database or RDF triple store technologies.
pend on trivial renamings of ABox individuals. This allows GivenO = TU.A andg as input, these systems first determin-
us to rule out “unreasonable” algorithms at this level ofgren istically “saturate”A with new assertions using the knowl-
ality. All incomplete systems known to us are well-behaved. edge in7 and then answer the quegydirectly w.r.t. the sat-

We next recall the notion of completeness for a fixed queryrated ABox, as if it was a database. Hence, their behaviour
g and TBox7 studied in[Stoiloset al., 2010b; 2010k can be characterised at a general level as given next.

Definition 2. Let £ be a description logigy a CQ,7 an £- Definition 5. An ABox-saturation algorithm for L is an al-
TBox andans a CQ answering algorithm fof. We say that ~9orithm that given as input af-ontology0 = 7 U Aand a
ansis (g, 7)-completeif for each ABoxA s.t.O = TU Ais ~ CQqg proceeds as follows:

consistent, we have thetrt(q, O) C ans(q, O). 1. It computes aaturation ABox .A; whose contents de-

We can then introduce our notion ofgaery testing base: pend only or®, and such thatl C Ay.
a set of CQs for a TBo# that we can use to ensure that an 2. It returns those answers gow.r.t. A; containing only
incomplete reasoner behaves exactly like a complete one for individuals from.A. From now on, we abuse notation
T, regardless of the input query and data. and writecert(g, Ay) to represent (only) such answers.



Furthermore, we assume thais is stable: if A, is the satu- o If 7,; € 7;, anda € 7, we have
ration ABox for7 U A, then the saturation ABox faf U Ay

is alsoA;. ans(qin; Oin) = cert(gin, Ain)
Note that the negative result in Theorem 4 does not apply ans(gin, Oin U{a}) = cert(qin, Ay)
to the class of well-behaved ABox-saturation algorithms. | With s © Ay thus,cert(gam, Asm) C cert(gim, Ap).

deed, ABox-saturation algorithms are always completedf th
TBox is empty. If one such algorithm is incomplete, it is be-  ® Zet € Zin, thenans(gin, Oin) = ans(gin, Oin U {a})
cause it fails to capture relevant knowledge from the TBox. and hence the condition holds.

As shown in the following theorem, however, there exist The proof for DL-Lite is analogous. Simply consider the
TBoxes expressed in rather simple ontology languages following TBox 7., which entailsT,;:
which no QTB exists, even if we restrict ourselves to well-
behaved ABox-saturation algorithms. Tiite ={AC3R.T,IR™.T C A}

Theorem 6. ThereisaTBox 7 in L € {5[:, DL-Lite} such and the same query. For a given positive integet, we
that no QTB exists for the class of all well-behaved ABox-  defineans as the algorithm that given a conjunctive quesy,
saturation algorithmsfor L. a DL-Lite ontology®;,, = T;, U A;, proceeds analogously
to the algorithm we have constructed £, with the only

Proof. Let Q be an arbitrary, but finite, set of CQs and let difference thaZ,, in Step 2 is replaced wity, 0

m be the maximum number of variables in a query fr@n
Consider the following £-TBox

4 Computing a Query Testing Base
T = (AC 3RA) puting a Query g

In this section we identify fairly general, yet practicalffs

and the following query. cient conditions on TBoxes that guarantee the existence of a
QTB and yield algorithms to compute such a QTB efficiently.
q(z) — {R(z,51), R(y1,y2), - R(ym—1.Ym), AYm) } Towards this goal, we observe that the proof of Theorem

Similarly to the proof of Theorem 4, we can provide a well- 6 €xploits the fact that we can have DL TBoxes which imply
behaved ABox-saturation algorithm that(js 7.,)-complete ~ cycles over existential quantifiers. As a result, no mattev h
for eachp € Q, but not(q, 7.;)-complete. Letans be the large the maximum role depth of a query in Ehe QTB is, we
algorithm that proceeds as follows given a @Q and an  can always define an algorithm that “unfolds” the cycle only
£L-ontologyOi,, = Tin U Ain: up to that depth. Such algorithm may then be incomplete for
queries with a larger role depth. Our intuition is that a QTB

1. Setd; == A for 7 may be guaranteed to exist if we can ensure that such

2. If 7, C 7T;,, then for each named individual with cycles do not occur (even implicitly) i@

A(a) € A;,, and s.t. there is nbwith { R(a, b), A(b)} C In Section 4.1 we focus on the logics DL-Lite afid and
A, do the following: provide a sufficient condition for preventing cycles. We as-
(a) Create fresh (unnamed) individuals . . . , a. sume from now onwards thatC TBoxes are normalised as

(b) SetA; = A U {R(as_1,a:), A(a:)}™,, where described in the preliminaries.

In Section 4.2 we focus on the description logics underpin-
ning the RL profile of OWL AMotik et al., 2009, and show
3. Returncert(qi,, Ay). that for such DLs a QTB always exists.

Intuitively, ans constructschase(7,; U A;,,) up to “depth” .

m. Note thatans is an ABox—satl(Jration algorithm: the com- 4-1 DL-Liteand ££

putation of. Ay depends only off;,, and.A;, (and not on the To preclude cycles in DL-Lite and£ TBoxes, we rely on

input queryg;,,). Note also that it terminates as step 2. is onlytheweak acyclicity condition borrowed from database theory

applied to named individuals. [Faginet al., 2004 and which can be checked efficiently.
The algorithm is(p, 7.;)-complete for eaclp € Q since Roughly speaking, i© = 7 U.A and7 is weakly acyclic,

queries inQ can be answered by considering the chase onlyhen a run of the corresponding chase does not lead to an

up to depthm; in contrast, it is not{q, 7.;)-complete: if we infinite generation of new individuals. Thus, weak acytyici

take A;, = {A(a)} as input ABox,cert(q, 7 U Ain) =  also prevents cyclic existential quantification.

{a}, butans(q, 7, U Ay, ) = 0. The following definition is a straightforward applicatioh o
We finally need to show thatns is well-behaved. First, the general notion of weak acyclicity to DL-Lite a&d..

it is clearly sound and invariant under individual renansing Definition 7. Let 7 be anC-TBox, with £ € {DL-Lite, ££}

Concerning monotonicity, we need to show that for evgry - .
Oum = Tin U Ay, and every GCI (assertion) we have that The dependency gra_ph for 7 is the smallest graph with the
following elements:

ans(gin, Oin) C ans(q, O;, U {a}). This trivially holds if «

apgp = Q.

is an ABox assertion, so let be a GCI. We have the follow- e Nodes: A nodeuv,4 for each atomic concept and nodes
ing cases: vr/1 andvg/, for each atomic role iff .
o If 7,y £ T;,, anda & T, we then havens(gin, O;n) = e Edges. For R atomic andA, B either atomic orT, let

ans(qin, Oin U {a}). [A] = A, [3R.B] = R/1 and[3R~.B] = R/2.



— If 7 € DL-Lite, then the graph contains the follow-
ing edges for each positive GCB C C) € T

* An edgev[B] — V|-

+ A special edge|p = vg)s if C = 3R.T.

+ A special edge|p = vg), if C =3R™.T.

If 7 € £L, ithas edgess — vt andvg,; — v

for each atomic4 and R, as well as the following

edges for each1<|1 B;CC)eTwithn <2:

* EdgeSU[Bi] — V[

« Special edges;s,) — v(p] andvp,] — V(g2 if
C=3R.D

The dependency graph far is weakly acyclic if it con-
tains no cycle going through a special edge.

Intuitively, special edges signal the possible creatioa of
new individual via existential quantification during theaske

construction, whereas the other edges keep track of pessib{

propagation of information between existing individuals.
Example 8. Consider the following £-TBox:

T

{Student = JtakesCourse.Course,
GradCourse C Course,
GradStudent C JtakesCourse.GradCourse}

Although the dependency graph f@ris cyclic, there is no
cycle involving a special edge; hen& s weakly acyclic.

The next theorem follows from a general result for weakly
acyclic tuple-generating dependendiEaginet al., 2004.

Theorem 9. Let £ € {DL-Lite,L} andlet O =T U A be
a consistent £-ontology such that 7" is weakly acyclic. Then,
there is a polynomial in the size of .A bounding the length of
every chase sequence.®

Hence, weak acyclicity establishes a bound on the size of

the chase (and hence also of the canonical mod@)of

Since the chase is forest-shaped, each unnamed individual

is connected to a named individual via a unique “path” of
role assertions. Therefore, we can characterise the ssert
generated by the application of chase rules as follows.

Definition 10. Let O =7 U A be a consistent-ontology
for £L € {DL-Lite, EL}. A path of chase(O) is a subset of
chase, (O) of the form{ A(a)} with A atomic,a named and
Aa) ¢ A, or{ar(Ry,a,b1),...,ar(Rp,bp—1,b,), B(bn)}
with B either atomic ofT, ¢ named and eadh unnamed.

We can then define a family of queries for checking

whether an incomplete system captures the relevant informa
tion that could possibly be introduced by the application of

chase rules. Such queries should depend only on the shape
the TBox7 (and not on the particular input ABox).

Definition 11. Let £ € {DL-Lite,£L}, letT be anL-TBox
with 7, C 7 the subset off containing no negative GCIs,

3A chase sequence is any sequence of chase rule applicatio
transformingA into chase (O).

and lettHS = {C' | C C D € 7,}. For eachC' € LHS, let
c1 andcs be individuals uniquely associated@ and let

{A(e1)} if C =4
Ac = {{Al(cl)aAQ(Cl)} if C =AM A
{ar(R,c1,¢2), A(co)} if C=3R.A

where A is either atomic ofT. Let Ar = (Jo s Ac. A
CQ ¢ is achase query w.r.t. 7 if it can be obtained from a
path ofchase, (7 U .Ar) by replacing each individualwith
a variabler, such thate, is distinguished if: is namedt

Example 12. The following are all the chase queries (modulo
isomorphisms) w.r.t. TBog from Example 8:

q1(z) « {Course(z)}

q2(z) « {Student(z)}

qs(z) « {takesCourse(x,y)}

qa(z) «— {takesCourse(x, y), Course(y)}

g5 (x) «— {takesCourse(x,y), GradCourse(y)}

The following lemma shows that chase queries can be used
o check for the presence of any relevant piece of new infor-
mation introduced by the application of chase rules.

Lemma 13. Let £ € {DL-Lite,££} and let O be a con-
sistent £-ontology. The CQ obtained by replacing in a
path of chase,(O) each (un)named individual ¢ with an
(un)distinguished variable z. is a chase query wi.r.t. 7.

Proof. The lemma is a direct consequence of the following
claim (x), which we show next:

CLAIM (x): For each path irhase,(O) there exists an iso-
morphic path irchase, (7 U Ar).

LetP C chase,(O) be a path. We distinguish the follow-
ing cases depending on the shap&of

e P = {A(a)} with a named andi(a) ¢ A. Then, asser-
tion A(c) has been added by the application of a chase
rule on a set of assertiors C chase,(O) and a GCI
(€ T. Three cases can be identified:

— crl appliedtog = (A; C A) andS = {A1(a)}.
By Definition 11, we have that’ = A; is in LHS
andS’ = {Ai(c1)} is a subset ofdr, wherec,
is an individual uniquely associated t in A7.
Clearly, rulecrl is applicable toS’ and 5 and
henceP’ = {A(c1)}, which is isomorphic tdP,
is a path inchases (7 U A7).

cr3 is applied tog = (3R.B C A) and toS =
{ar(R,a,b), B(b)}. By Definition 11,C' = 3R.B
is in LHS and S’ = {ar(R,c1,¢2), B(cz)} is in
Az, with ¢; uniquely associated t6' = JR.B.
Rulecr3 is then applicable t&’ and3 and hence
P’ = {A(c1)} is a path inchase, (7 U A7).

cr5 is applied tog = (A; M A2 C A) as well
as toS = {Ai(a), A2(a)}. By Definition 11, we
have thatC = A; M A, is in LHS; furthermore,
S = {Al(cl), Ao (Cl)} is a subset ofd+, with ¢;
an individual uniquely associated €= A; M A,
in Ar. Rulecr5 is applicable t&8’ and3 and again

P’ = {A(c1)} is a path inchase, (7 U A7).
ns
“Note that a chase query has exactly one distinguished V@ariab

of



e P is of the form
P ={ar(R1,a,b1),...,ar(Ry,bp—1,by), B(b,)}

with B either atomic orT, a named and each; un-
named. Then, the assertian(R1,a,b;) has been in-

troduced by the application of a chase rule on a set of

assertionss C chase;(©O) and a GCIs € 7. The prop-

erties of the chase fof ensure that the construction of
P is determined by (i.e., can be entirely replicated us-
ing) only S and7. We next show that there exists a set

S’ C chases (T UA7) thatis isomorphic t& and hence
also a pathP’ C chase (7 U A7) that is isomorphic to
P. We distinguish the following cases:

— cr2is applied tog = (A C 3R,.B) as well as to
S = {A(a)}. By Definition 11,C = A; isin LHS
andS’ = {A(c1)} is a subset ofd7, with ¢; an
individual uniquely associated té in A+.

— cr4 applied tog = (35.T C 3IR;.T) andS =
{ar(S,a,d)}. By Definition 11,C = 3S.T isin
LHS andS’ = {ar(S,c1,c2)} is a subset ofd 7,
with ¢; andes uniquely associated t6'.

In both casesS andS’ are isomorphic, as required.
O

As aresult, if an ABox-saturation algorithm is complete for
each chase query, it should be possible to homomaorphically

embedchase, (O) into the saturation ABo¥ ; computed by
the algorithm for©.

Lemma 14. Let £ € {DL-Lite, €L} andlet O = TU A
be a consistent £-ontology. Let ans be a well-behaved ABox-
saturation algorithm that is (¢, 7 )-complete for each chase
query ¢ for 7. Finally, let A; be the saturation ABox com-
puted by ans for O. Then, there is a homomorphism . from
chase, (O) to A, that maps named individual sto themsel ves.

Proof. We prove the lemma by induction on the construc-

tion of chase,(©). We denote withchase; (O) the portion

of chase, (O) obtained aftef applications of the chase rules.

Base Case (: = 0): We havechasey(O) = A andpy maps
each individual in4 to itself. Sinced C A;, we clearly have
that g is a homomorphism.

Induct. Step: Let i; be a homomorphism fromhase; (O)

to Ay. Construci;41 by extending:; as given next, depend-

ing on the chase rule that is being appliedlase; (O):

e crl applied toA; C Ay € 7 andA;(c) € chase;(O).
Then,chase;+1(O) = chase;(O) U {A3(c)}. We define
an ABox.A’ and chase queryas given next:

— If Amentionsc, {As(c)} is path ofchase;11(O).
By Lemma 13, query(xz) <« {A2(x)} is a chase
query. Furthermore, let’ = {A;(u;(c))}.

— Else, the following is a path afhase; 1 (O):

{ar(Rl, a, bl), ey ar(Rn, bnfl, C), AQ (C)}

Finally, let

A = {ar(Rlvﬂi(a)vﬂi(bl))v SRR

ar(Ry, pi(bn—1), pi(c)), Ar(pi(c))}

Let O' = T U A'. Obviously, u(a) € cert(q,O’),
and sincans is (¢, 7 )-complete we haveert(q, O’) C
ans(q, ©0’). Furthermore, sinced’ C Ay by the in-
duction hypothesis, monotonicity afns implies that
ans(q,0’) C ans(q,7 UAy). Sinceans is stable,
we have thatns(q,7 U Af) = cert(q,. Ar). Hence,
cert(q, 0") C cert(g, Ay), which in both cases implies
that A2 (u;(c)) € Ay, Then,u; 41 = p; is @ homomor-
phism fromchase;+1(O) to Ay.

cr2 applied toA C 3R.B € T andA(c) € chase;(O).
Then, ford an individual not occurring inhase; (0), we
havechase;1(O) = chase;(O) U {ar(R, ¢,d), B(d)}.
Then, there is a path ofhase;;1(O) of the form
{ar(R1,a,b1),...,ar(Ry,bn_1,¢),ar(R,c,d), B(d)}.
Lemma 13 implies that given next is a chase query:

q(I) — {ar(R17 €, xl)v R ar(Rna Tn, xn+1)7 B(In+1)}
Finally, let.A’ be the following ABox:

A/ - {ar(Rla,ui(a/)aMi(bl))a"'7
ar(Rn, pi(bn—1), pi(c)), Api(c)) }
Using exactly the same argumentas in the previous case,
cert(q, 7 UA") C cert(q, Ay); hence, there is an indi-
viduald’ in Ay such that{ar(R, u;(c),d’)} C Ay. But
then, the extension; 1 of u; that mapsl to d’ is clearly
a homomorphism fromhase; 1 (O) to Ay.

cr3 applied to3R.B C A and{ar(R,c,d), B(d)} C
chase; (O). Thenchase;1(0) = chase;(O) U {A(c)}.
We define an ABox4’ and a chase queryas follows:

—If A mentionsc and d, {A(c)} is a path
of chase;11(0). By Lemma 13, q(z) «
{A(z)} is a chase query. Finally A’ =
{ar(R, ui(e), ui(d)), B(ui(d))}.

— Else, there is a path ithase; 1 (O) of the form

{ar(R1,a,b1),...,ar(Rp,bp—1,¢), Alc)}
Then, by Lemma 13, the query

q(z) « {ar(Ry,z,21),. ..,
ar(Rna Infla In)a A(In)}
is a chase query. Finally, let

A" = {ar(Ry, pi(a), pi(b1)), .- -
ar(Ry, i(bn-1), 1ic)),
ar(R, pi(c), pi(d)), B(pi(d))}
As in previous casesert(¢, 7 U A") C cert(q, Ay) and

A(pi(c)) € Ay. Finally, pi41 = w4, Which is a homo-
morphism fromchase; 1 (O) to A;.

By Lemma 13, the query given nextis a chase query e cr4 applied to the following axiom and assertion:

— {ar(Rl,x,xl),...,
ar(Rn,xnflaxn)vAQ('rn)}

q(z)

JRTCLCISTeT and
ar(R, ¢, d) € chase;(O)



Then, chase;1+1(0O) = chase;(O) U {ar(S,¢,e)},
wheree does not occur irchase;(O), and a path of
chase; 11 (O) exists of the following form:

{ar(R1,a,b1),...,ar(Ry,bn—1,c¢),ar(S,c,e)}
By Lemma 13, the following query is a chase query:
q(x) «— {ar(R1,2z,x1),...,ar(Ry, Tp_1,Ts),
ar(S, Tn, Tni1)}
Furthermore, let

A = Aar(Ry, pila), pi(b1)), - - -,
ar(Rn, :ui(bn—l)a Mg (C))7 ar(R, Mo (C)7 i (d))}

assertions. Consequently,4f is weakly-acyclic the size of
chase. (O) is polynomial in the size ofd.

Let us conside®?’ = 7 U Az as in Definition 11. The
size of A7 is bounded by the size &f and hence the size
of chase.(O’) (polynomially bounded by the size of7) is
polynomially bounded by the size of. Clearly, the size
of chase,(O’) bounds the size of each chase query; thus,
the size of a chase query is polynomially bounded by the
size of 7. Furthermore, sincehase.(0’) is tree-like, the
number of paths irhase,(O’) (and hence also the number
of chase queries) is bounded by the number of assertions in
chase (O’) and it is thus polynomially bounded by the size

O

Lemmas 14 and 15 suggest that the set of chase queries for

Following the same argument as in the previous caseg weakly acyclic TBoxZ” constitutes a QTB fof .

cert(q, 7 U A") C cert(q, As); hence, there exists an in-
dividuale’ in Ay such that{ar(S, p;(c),e’)} € Ay. Let
uiv1 be the extension qgf; that maps to ¢’. Clearly,
Wi+1 is @ homomorphism fromhase; 11 (O) to A;.

e cr5appliedtod;MA; E B € T and{A;(c), A2(c)} C
chase; (O). Thenchase;+1(O) = chases(O)U{B(c)}.
We define an ABoxA’ and chase quenryas given next:

— If A mentionse, {B(c)} is path ofchase(O). By
Lemma 13g4(z) < {B(x)} is a chase query. Fur-
thermore, letd’ = { A1 (pi(c)), A2 (ui(c))}.

— Else, the following is a path afhase; 1 (O):

{ar(Ry,a,b1),...,ar(Ry,bn_1,¢),B(c)}

Theorem 16. Let £ € {DL-Lite, €L} and let T be a weakly
acyclic £-TBox. Then, the set of all chase queries (unique up
toisomorphism) isa QTB for 7 and the class of well-behaved
ABox-saturation algorithms for £. Furthermore, the size of
such QTB is polynomial in the size of 7.

Proof. Letg be a CQ and led be an ABox s.tO =7 U A
is consistent. Therert(q, O) = cert(g, chase (O)).

If ¢ € cert(q,chases(0)), there is a homomorphisim
from ¢ to chase. (O) which maps the distinguished variables
to c. Sinceans is (¢’, T)-complete for all chase querie$s
Lemma 14 implies that there also exists a homomorphism
betweerchase, (O) and A that maps named individuals to
themselves. But theny composed withy is a homomor-

By Lemma 13, the query given nextis a chase queryphism from the variables af to the individuals in4; which

q(z) <« A{ar(Ry,z,21),...,
ar(Rn, Tp—1,n), B(zn)}
Finally, let
A = Aar(Ry, pi(a), pi(b1)), - - -,
ar(Rnaﬂi(bn—l)aﬂi(C))7
Ax(pi(c)), A2 (pi(c)) }

As in previous casesert(¢, 7 U A") C cert(q, Ay) and
B(ui(e)) € Ay. Finally, ;41 = w4, Which is a homo-
morphism fromchase; 1 (O) to Ay.

O

Furthermore, weak acyclicity ensures the existence of

polynomial bound in both the size and number of chas

queries for each input, as shown by the following Lemma.

Lemma 15. Let £ € {DL-Lite, EL£}. Each chase query for a
weakly acyclic £-TBox 7 is of size polynomial in the size of
7. Also, there are polynomially many non-isomor phic chase
gueriesinthesizeof 7.

Proof. Given7 and an ABoxA, Theorem 9 implies that a
polynomial in the size ofd exists that bounds the length of
any chase sequence©f= 7 U A. SinceQ is anL-TBox,
any fully-expanded chase sequence®dfeads to a unique
samechase, (O) (modulo renaming of individuals). Finally,

maps distinguished variables &p hence,c € cert(q, Ay).
Sinceans(gq, O) = cert(q, Ay) we have that € ans(q, 0),
which implies that the set of all chase queries is a QTB. Fi-
nally, since7 is weakly acyclic, Lemma 15 then implies that
such QTB is of size polynomial in the size Bt O

4.2 DLP

Description Logics Programs (DLIprosofet al., 2003 is a
prominent family of DLs which provide the logical underpin-
ning for the RL profile of OWL ZAMotik et al., 2009. The
logics in this family impose syntactic restrictions to a¥an

the one hand, the need to infer the existence of individuals
not explicitly present in the ABox and, on the other hand,
the need for nondeterministic reasoning. Such DLs have re-
cently become popular since they are amenable to implemen-

fation using rule-based reasoning engines. In fact, many in
%omplete ontology reasoners use rule-based forward-iclgain

techniques to perform reasoning.
Therefore, DLP logics have been designed so as to satisfy
the property given in the following lemma.

Lemma 17. Let £ bein DLP. For each £-ontology O = 7 U
A, there is an ABox .A" mentioning only individuals from A
and such that cert(g, O) = cert(q, .A") for every CQ g.

Since reasoning in DLP does not require the generation of
“fresh” individuals, it is intuitive to expect that a QTB isigr-
anteed to exist. Furthermore, such QTB would only need to
include queries asking for all instances of each atomic con-

each chase step results in the addition of either one or twoept and each atomic role occurring in the ontology.



Theorem 18. Let £ bein DLP and let 7 bea £-TBox. Let Q Sesame, Oracle RDFS DLEJena
consist of a query g4 (z) «— A(x) for each atomic concept A Q8 1 Q9| Q1] Q14| Q15| Q16 || Q14 | Q15| Q16
inT and a query qr(z.v) — ar(R, . y) for each (possibly 84 89| 87| 5 | 25| A5 5 | .25 | .15
inverse) role occurringin 7. Then, Q isa QTB for 7 and the OWLim, Jena_O Micro, Oracle OWLPrime

class of all well-behaved ABox-saturation algorithms. Q8171 Qé4 Q2155 Q1156

Proof. Letans be a well-behaved ABox-saturation algorithm o
that is(¢q’, 7)-complete for eacly € Q. Letq be a CQ and Table 2: Completeness degree for queries in LUBM’'s QTB
let A be an ABox such tha® = 7 U A is consistent. We
show thateert(q, O) C ans(q, O).

If ¢ € cert(q,0), thenc € cert(q, A’), for someA’ as in
Lemma 17. Hence, there is a homomorphjsifinom ¢ to A’
mapping distinguished variables ¢oand s.t. for each body
atomA(t) (respectivelyR(¢,t')) in ¢, A(u(t)) € A’ (respec-
tively R(u(t), u(t')) € A’); furthermoreu(t) € ans(ga, O)
and(u(t), u(t')) € ans(qr, O) sinceqa, qr € Q andans is
complete forg4 andgr. But then,u(t) € cert(qa,.As) and
(u(t), p(t')) € cert(qr,Ay), with Ay the saturation ABox
for O computed byans; thus, A(u(t)) € Ay (respectively
R(u(t), u(t)) € Ay), andc € ans(q, O), as required. [

found incomplete folQ11(x) « Student(x). Even if Q11
contains only distinguished variables, LUBM’s TBox erdail
the GCIGradStudent C Student, which can only be derived
using existential quantifiers. In contrast, DLEJena is com-
plete for Q11 since it pre-computes the ontology’s subsump-
tion hierarchy using a complete DL reasoner before saturat-
ing the ABox. Finally, Sesame and Oracle RDFS, which are
essentially RDF-Schema reasoners, are additionally incom
plete for all queries that require reasoning with constract
available in RDFS, such as inverse roles.

6 Conclusions

5 Evaluation , ,

] In this paper, we have studied the problem of query genera-
We have implemented a prototype query generator for DLyio, for evaluating the completeness of Semantic Web reason
Lite and computed a QTB for a DL-Lite version of the LUBM ¢t Qur techniques allow us to formally determine whether
TBox. The computation of LUBM's QTB required less than g jncomplete system is indistinguishable from a complete
a second and contained only 16 queries, denot€glla®16.  one for a given TBox, regardless of the data and the query.
(Note that the QTB is so small because many concepts nevelyr framework and algorithms are complementary to those

appear on the right-hand side of a GCI). , in [Stoiloset al., 20108 and[Stoiloset al., 20103, in which
We have used this QTB to evaluate the following systemsjsh TBox and query were assumed to be fixed.

Sesame 2.3-pA,OWLIm,® Jena v2.6 Ausing both its Ont- Our evaluation is, however, still preliminary and we are

Model and InfModel interfaces, DLEJefi@Dracle’s Seman- planning to implement and evaluate our query generation

tic Data Storé using both the RDFS and OWLPrime profiles, techniques also fof £. Finally, we are also planning to ex-

and Pellet v2.2.2% To this end, we generated the required (g our techniques for more ,expressive DLs.

datasets for each query in the QTB using the techniques from

[Stoiloset al., 20104, which we then used to compute the

corresponding completeness degree for each system. (F'S}CknowIedgments
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